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Abstract—In the second part of the investigation the results obtained by numerical solution of the differential
equations given in the first part are thoroughly discussed. The discussion starts with mass transfer through
the particle interface when there is no movement in either phase. It is limited to the mean concentration in the
sphere and the mean Sherwood numbers for both phases. Empirical equations are presented for the mean
concentration in the sphere for the limiting cases of mass-transfer resistance in one of the two phases only.
The last chapter of the paper contains the discussion pertaining to the influence of convection on mass
transfer. With mass-transfer resistance in the sphere only there exists an upper limit for the mean Sherwood
number which is due to the fact that the streamlines inside the sphere become lines of constant concentration.
The instantaneous Sherwood number changes stepwise with time which may be explained by the movement
of fluid elements in the sphere. For the second limiting case, mass transfer resistance in the surrounding fluid
only, the mean Sherwood number is discussed as a function of the Fourier-, Henry-, and convection-number.

1. INTRODUCTION
IN THIS paper, which is the second part of a compre-
hensive theoretical investigation of unsteady state
mass transfer through the interface of spherical par-
ticles, a comprehensive discussion of the results ob-
tained is presented. The physical phenomena of the
mass-transfer process as well as the underlying differ-
ential equations and boundary conditions are pre-
sented in Part I of the investigation.

2. ANALYTICAL SOLUTIONS FOR LIMITING
CONDITIONS OF THE FOURIER NUMBER

For the two cases, Fo, -0 and Fo, — o, the
differential equations for the concentration field may
be simplified in such a way, that analytical solutions
may be obtained [ 1, 2]. The resulting equations will be
repeated here because they are helpfulin the discussion
of numerical results.

2.1. Analytical solutions for Fo,, — 0

For Fo,,, = Fo,,, = Fo,— 0 concentration changes
occur in the immediate vicinity of the interface only.
In this case the convection has no influence at all
on the mass-transfer process. This is the reason why
the following equations are of fundamental impor-
tance.

The equations for the mean instantaneous Sher-
wood numbers pertaining to phase 1 and 2:
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The equations for the time mean value of the Sher-
wood numbers pertaining to phase 1 and 2:

Sh, = 2Sh,,, (3)
Shy = 2Shy,. (4)

These equations apply for the general case of arbitrary
distribution of mass-transfer resistance in the two
phases concerned.

For the special case, that mass-transfer resistance
occurs in phase 1 (sphere) only, one obtains from
equation (3) observing H*(D,/D,)"? - 0:

4/
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The Sherwood number depends on the Fourier num-
ber only. The Henry number H* and the ratio of
diffusion coefficients have no influence on Sh,. Accord-
ing to Figs. 2 and 3 of Part I the concentration in the
interface is zero for all values of Fo,,;. From equation
(5) one obtains the following equation for the mass-
transfer coefficient :
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It is to be noted that for t— 0 the mass-transfer
coefficient is independent of particle diameter d,. For
the other special case with mass-transfer resistance in
phase 2 (surrounding fluid) only the condition
H*(D,/D,)'? - « leads from equation (4) to the
result:

Sh, _i/\ﬁ_l_ (7)
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The influence of H* is due to the fact, shown in Figs. 4
and 5 of Part I, that the concentrations in the interface
are always greater than zero.

2.2. Analytical solution for Fo,, — x

For Fo,, = Fo,,; = Fo,,— oo the state of equilib-
rium is reached. The local concentrations are inde-
pendent of radial coordinate. For this case a simple
mass balance leads to the results:

2/3
Shl - F()mlm El (8)
2/3
Shz B FOmZoo (9)

From these equations the following equation for the
mass-transfer coefficient may be derived:

1
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For t— oc the mass-transfer coefficient is a linear
function of the particle diameter d,,.

3. DISCUSSION OF SOME NUMERICAL RESULTS
FOR MASS TRANSFER IN A MOTIONLESS SYSTEM
Mass transfer through the interface of a spherical
particle with fluid motion in one or even both phasesis
an extremely complicated process. It seems thereic.
advisable to use the simple case of mass transfer in a
motionless system as introduction.

3.1. Mean concentration in sphere

The mean concentration in the sphere alters be-
tween the limiting values &, = 0 and &, = 1 while the
mean concentration in the surrounding fluid is accord-
ing to definition always £, = 0. This is the reason, why
attention is paid to &, only.

For the condition of mass-transfer resistance in the
sphere only, that is H*(D,/D,)"? -0, the mean
concentrationis shownin Fig. 1. Itis a function of Fo,,;
only. With mass-transfer resistance in the sphere only,
the following condition is met:
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For the other limiting case with mass-transfer
resistance in the surrounding fluid only, that is
H*(D,/D,)"'"* - 20, the mean concentration ¢, is ac-
cording to Fig. 2 a function of Fo,, and H* With
mass-transfer resistance in phase 2 only, the prevail-
ing condition is as follows:

H*(D,/D,)"?— «, with H*> 1 and D,/D, > 1.
With increasing value of the Henry number H* the
mean concentration in the sphere decreases more
slowly with time than for smaller values of H*.

3.2. Mean Sherwood number

For mass-transfer resistance in the sphere only, the
mean Sherwood number Sk, is given in Fig. 3. Curve a
gives the numerically established relation between Sh,
and Fo,,, over the whole range of Fo,,;, while curve b
represents equation (8) for Fo,,; — oo and curve ¢
equation (5) for the other limiting case with Fo,,; — 0.

Figure 4 gives the numerical results for the case of
mass-transfer resistance in the surrounding fluid only.
Curve b represents equation (9) for Fo,,, » . For
Fo,,, — 0 the curves may be calculated by means of
equation (7). The success achieved by the mass transfer
through the interface may be easily judged by means of
the curves for ¢, = const. Curve b is according to
equation (18) of Part I together with equation (9)
equivalent to &, = 0.

3.3. Empirical equations

The application of the numerical results presented
will be considerably facilitated by empirical equations
developed for the mean concentration &,. These
equations may be used to calculate the transferred
mass M 4, by means of equation (17) of Part L.

3.3.1. Mass-transfer resistance in the sphere only.
The empirical equations set up for this case are as
follows:

Low Fo,,, region:
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F1G. 1. Mean concentration in sphere for the limiting case of resistance in the sphere only.
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FI1G. 6. Mean Sherwood number Sh, for the general case of resistances in both phases. Curve b represents
equation (60).

Maximum error: +3.8%

High Fo,,, region:

&, = 0.646exp(—10.15F0,,,). (12)

Range of application:
4x107? < Fo, < %

0< & <043

Maximum error: +3.89%;.

Combining equations (18) of Part I and (12) the mean
Sherwood number Sh, may be calculated with a
maximum error of 1.29. If the Sherwood number in
the low Fo,,, region is desired application of the
analytical equation (5) is suggested.

3.3.2. Mass-transfer resistance in the surrounding
fluid only. For this case the mean concentration ¢, is a
function of the Fourier number Fo,,, and the Henry
number H*. The equations developed for this case are
consequently more complicated than those for the
other limiting case.

An equation of rather general importance is the
following:

B 1

The values of m, n and p are functions of the Henry
number H*, they are given in Table 1 together with the
maximum relative error in ¢ . Equations for m, nand p

(13)

v
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Table 1. Values of m, n, and p as t:unctions of H* as yvell as
maximum relative errors for &, in two ranges of £,

Maximum relative
errorof £, in %,

range range

H* m n p 01<E <1005<é,<1
1 112 123 x1072 0.600 5.3 14
2 128 37.0x1072 0.570 59 15
4 147 10x10° 0541 7.4 16
10! 180 3.4x10° 0500 6.9 20
102 270 53 x10' 0425 7.4 18
100 296 55x10° 0425 7.4 18
104 310 56x10° 0430 6.9 7

have been set up too and are as follows:
1 < H* < 10%:

m = L12H**17
p = 0.6/H*00748
nin the range 1 < H* < 10:
n=—122x10"3H*34+3.12 x 10~ 2H*2
+1.62x10"'H*~6.89
nin the range 10! < H* < 102
n=151x10"*H**+0.387H*-0.573.

S—

(14)

10 < H* < 10%:
m = 248 *0-0254

n=0533H*
p = 0.414F*43 107,

(15)

For the range 10* < H* < 10° and 0.05 < &, < 1 the
following equation has been set up:

&, = exp(—2.76F0¢,,,/H*). (16)

3.4. Some remarks on mass transfer with
resistances in both phases

With mass-transfer resistances in both phases the
Sherwood number Sh, is according to equation (1) a
function of Fo,,; and the product H*(D,/D,)"/?, while
Sh, is according to equation (2) a function of Fo,,,, H*
and D,/D,. Some of the results obtained are presented
in Figs. 5 and 6, that have already been published

[1,2].

4. DISCUSSION OF SOME NUMERICAL RESULTS
FOR MASS TRANSFER WITH FLUID MOTION

In most cases of practical importance the involved
fluids are in a state of motion. The influence of fluid
motion on mass transfer will be discussed in this
chapter. It should be kept in mind though, that for the
two limiting cases of Fo,, — 0 and Fo,, — o motion
looses its influence.

4.1. Mass-transfer resistance in the sphere only

4.1.1. Local and mean concentration. With mass-
transfer resistance in the sphere only, the local dimen-
sionless concentration in the surrounding fluid is &,
= ¢,, = &, = 0, while the local concentration inside
the sphere &, is given by:

&= filr*; Fo,y; (ReSc)y; n*]. (17)

ring vortex

Fi1G. 7. Fluid motion inside and outside the sphere.

With creeping flow conditions, Re — 0, this function
simplifies to:

(18)

& = fz|:r*.‘; Fo,,; (ReSC)Z:I-

149*

In these functions #* = #n,/n, is the ratio of the
viscosity of the two fluids involved. The fluid motion
inside and outside the sphere is given in a qualitative
way in Fig. 7.

The local concentration as it changes with time is
shown in Fig. 8(a—c). The convection number,
(ReSc),/(1+n*) = 10?, is kept constant. The Fourier
number Fo,, is 2.25 x 10~ 3 in Fig. 8(a), 8.1 x 10~ % in
Fig. 8(b), and 2.2 x 1072 in Fig. 8(c). With increasing
Fourier number the local concentration decreases
from &, =1 at Fo,, =0 to £, =0 at Fo,, = .
Concentration changes start at low values of Fo,,, near
the spherical interface ; they are more pronounced at
the backward stagnation point at 8 = 180° than at the
forward stagnation point at § = 0°, which is due to the
fluid motion inside the sphere. In Fig. 7 the movement
of element E from the forward point A4 to the backward
stagnation point {point B) parallel to the interface may
be pursued following the arrowed line. After arriving at
point B the element moves through the axis of the
sphere to the forward stagnation point 4. This move-
ment through the axis leads to a kind of concentration
tunnel within the sphere. It is to be clearly seen in Figs.
8(b) and (c).

The mean concentration &, in the sphere is given in
Fig. 9 as a function of Fo,,, for several values of the
convection number (ReSc),/(1+#n*). The calculations
for (ReSc),/(1+n*)— co have been carried out by
Carrubba [3]. The results of Carrubba differ from
those presented by Kronig and Brink [4] which are
based on an analytical solution of an incomplete
differential equation.

The lower limit for &, is given by the curve for
(ReSc),/(1+n*)— oc. The lower limiting curve is due
to the fact, that the streamlines in the sphere have
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Fig. 8(c): Fo,, =220 x10"%and &, = 0.38.
F1G. 8. Concentration field within the sphere for the limiting case of resistance in the sphere only
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F1G.9. Mean concentration in sphere with fluid motion in both phases for the special case of resistance in the
sphere only.

become lines of constant concentration. This happens
when the conductive transport normal to the stream-
lines is negligibly small compared with the convective
transport in the direction of the streamlines. The curve
for (ReSc),/(1 +n*)— v may be represented by the
following equations:

Low Fo,,, region:
&, =1-4546Fol/}. (19)
Ranges of application:

0 < Fo,,, <1.57x1072
043< &, <10

Maximum error: +3.6%.

High Fo,,, region:
&, =0Texp(~31F0,,).
Ranges of application:
1.57x 1072 < Fo,,; € ©
0<¢, <043
Maximum error: +19%,.

(20)

The equations available for the two limiting cases,
(ReSc¢),/(1+n*)— 0and— oo, form a sound basis for
mass-transfer calculations when convection is either
present or not. For all values of (ReSc),/(1 +n*) = 10*
it is always permissible to make use of equations (19)
and (20).
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of Fo,,, for several values of the convection number (ReSc),/(1 +n*). Curve a after Kronig and Brink.

The upper limit for &, is given by the curve for
(ReSc),/(1+n*)— 0. This curve is identical with the
one given in Fig. 1; equations (11) and (12) describe
this curve. In this case convective transport in the
sphere may be neglected. Mass transfer is due to
molecular transport only.

4.1.2. Instantaneous and mean Sherwood number.
The instantaneous Sherwood number Sh;, has been
defined by equation (45) of Part I. In Fig. 10 Shy, is
presented as a function of Fo,,, for several values of the
convection number (ReSc),/(1+n*). There are again
two limiting curves for (ReSc),/(1 +%*) — =« and— 0.
Curve a has been presented by Kronig and Brink [4].
It is correct for Fo,,; — > only. At low values of Fo,,,
all curves in Fig. 10 start off from the one for (ReSc),/(1
+#1*)— 0 and coincide with the curve for (ReSc),/(1
+#*) > oo at high values of Fo,,,. The characteristic
features of the curves are the steps. There are ranges in
which Sh, is almost independent of Fo,,, alternating
with ranges, in which Sh,, is an extremely strong
function of Fo,,,. The cause for the stepwise change of
Sh, has been carefully investigated by Schmidt-Traub
[5] and Carrubba [3].

The steps are due to the fluid movement in the
sphere. Figure 11 shows the positions of the fluid
elements 4, B, C and D at two different values of Fo,,;"
The elements are moving along the interface and the
axis of the sphere. The movement starts at Fo,; =0
with element A in the forward stagnation point
according to Fig. 11(a). According to the initial
condition the local concentrationis ;4 = L.

In the first time interval the elements 4 and B move
along the interface; element B vanishes at the back-
ward stagnation point into the interior of the sphere.
The concentration of these elements decreases while
they move along the interface. In the same time
interval the elements D and C move along the axis of
the sphere and get into the interface. The end of the first
time interval is reached, when element C reaches the
forward stagnation point according to Fig. 11(b).
During the first time interval the concentration of all
fluid elements of the sphere reaching the forward

a)

b)

F1G. 11. Movement of fluid elements 4, B, C and D inside the
spherical particle.

stagnation point is &; = &, = 1. This is the reason
why the instantaneous Sherwood number approaches
a constant value.

The second time interval starts with element C
leaving the forward stagnation point and moving
along the interface. All fluid elements reaching in the
second interval the forward stagnation point have a
lower concentration. The result is a steep decrease of
Shy,. The end of the second interval has come when
element A reaches the forward stagnation point again.
The cycle then starts anew, but a less pronounced step
will be the result because all elements will have a
decreasing concentration.

The mean Sherwood number Sh, is shownin Fig. 12
as a function of Fo,, for several values of the
convection number (ReSc),/(1 +n*). The first step in
the curves for Shy, are still to be found in the curves for
Sh,. The following steps are levelled off though.
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FiGs. 13 and 14. Local concentration &, in surrounding fluid for the limiting case of resistance in the

surrounding fluid only:
Fig. 13: #* = oo, particle with rigid interface:

Fig. 14: n* = 0, particle with ideal mobility of interface.

4.2. Mass-transfer resistance in the
surrounding fluid only
4.2.1. Local and mean concentration. With mass-
transfer resistance in the surrounding fluid only the
local concentration in the sphere is independent of the
radius r* and equal to the concentration in the
interface:

Al

51: I:élpzéZp' (21)

The mean concentration ¢, is given by the function:
&1 = filFo,2; H*; (ReSc)y; n*]. (22

The local concentration in the surrounding fluid &, is
given by the following function:

¢y = fo[r*; Fo,y; H*; (ReSc)y:n*]. (23)

In Figs. 13 and 14 the local concentration ¢, is
shown for #* = v and n* =0 with H* =1 and
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FiGs. 15and 16. Mean concentration in sphere for the special case of resistance in the surrounding fluid only:

Fig. 15: * = o, particle with rigid interface:

Fig. 16: n* = 0, particle with ideal mobility of interface.
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Fi1Gs. 17 and 18. Mean Sherwood number Sh, for the limiting
case of resistance in the surrounding fluid only:

Fig. 17: n* = oo, particle with rigid interface:

Fig. 18: #* = 0, particle with ideal mobility of interface.

(ReSc), = 10° kept constant for both cases. Curves are
presented for two values of Fo,,, and angle 0. [t may be
of interest to note that the local concentration &, for 8
= 180° is increasing slightly over a limited range of r*
instead of decreasing. This proves that there are
limited time intervals during which the mass transfer in
the vicinity of the backward stagnation point is
directed contrary to the general direction. The con-
centration gradient in the interface is steeper for n* = 0
than for n* = o because of the fluid motion within the
sphere.

The mean concentration in the sphere &, is shown in
Figs. 15 and 16 for n* = ¢ and #* = 0. With increas-
ing Henry number the influence of the convection
number (ReSc), is felt already at a higher con-
centration.

4.2.2. Mean Sherwood number. The mean Sherwood
number Sk, is given for #* = o« and n* = Oin Figs. 17
and 18. The curves given for (ReSc), < 10° coincide
with those given in Fig. 4 for the motionless system. It
is important to note that the influence of the con-
vection number increases slowly with increasing
Henry number H*. As a first approximation the influ-
ence of (ReSc), may be neglected, when H* < 10'. But
even for higher values of H* the results discussed
for motionless systems will always give a sound basis
for mass-transfer calculations.
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TRANSFERT MASSIQUE INSTATIONNAIRE A TRAVERS L’ INTERFACE
DE PARTICULES SPHERIQUES—2° PARTIE: DISCUSSION DES
RESULTATS OBTENUS PAR VOIE THEORIQUE

Résumé—Les équations aux dérivées partielles données dans la premiere partie sont traitées par voie
numérique et les résultats sont discutés. On considére d’abord le transfert massique a travers I'interface
sans mouvement dans chaque phase en se limitant a la concentration moyenne dans la sphére et aux
nombres de Sherwood moyens pour les phases. On présente des équations empiriques pour la concen-
tration moyenne dans la sphére dans les cas limites d’une résistance au transfert dans une seule des deux
phases.

L’article considére ensuite I'influence de la convection sur le transfert massique. Pour une résistance
au transfert massique dans la sphere, il existe une limite supérieure du nombre de Sherwood moyen
qui est due au fait que lignes de courant dans la sphére deviennent des lignes de concentration
constante. Le nombre de Sherwood instantané change par échelon en fonction du temps, ce qui peut
s'expliquer par le mouvement du fluide dans la sphére. Dans le second cas limite d’une résistance au
transfert dans le fluide environnant, le nombre de Sherwood est étudié en fonction des nombres de

Fourier, de Henry et de convection.

INSTATIONARE MASSENUBERTRAGUNG DURCH DIE GRENZSCHICHT
KUGELIGER TEILCHEN TEIL II--DISKUSSION DER THEORETISCH ERMITTELTEN
ERGEBNISSE

Zusammenfassung—Der zweite Teil der Untersuchung ist einer ausfiihrlichen Diskussion der Ergebnisse
gewidmet, die durch numerische Losung der Differentialgleichungen fiir den Stofftransport durch die
Grenzflache kugelformiger Partikeln erhalten wurden. Als erstes wird der Fall behandelt, bei dem sich beide
Phasen im Zustand der Ruhe befinden. Auf die mittlere Konzentration in der Partikel und die mittleren
Sherwood—Zahlen fiir beide Phasen wird dabei eingegangen. Berechnungsgleichungen fitzr die mittlere
Konzentration in der Kugel werden fiir die beiden Grenzfille, bei denen nur in jeweils einer Phase ein
Stofftransportwiderstand auftritt, mitgeteilt. Im letzten Kapitel wird der EinfluB der Konvektion auf den
Stofftransport diskutiert. Tritt ein Stofftransportwiderstand nur in der Partikel auf, dann ergibt sich fiir die
mittlere Sherwood—-Zahl ein oberer Grenzwert. Dieser ist darauf zuriickzufiihren, dal die Stromlinien
innerhalb der Partikel Linien konstanter Konzentration werden. Die momentane Sherwood-Zahl éndert
sich fiir diesen Fall im Bereich niedriger Werte der Fourier—Zahl sprungweise, was auf die Bewegung des
Fluids innerhalb der Partikel zuriickzufiihren ist. Fiir den zweiten Grenzfall, fiir den der Stofftransportwider-
stand allein in der Umgebung der Partikel liegt, wird die mittiere Sherwood—Zahl als Funktion der Fourier-.
der Henry- und der Konvektions-Zahl erortert.

HECTALMOHAPHBIA MACCOTIEPEHOC YEPE3 TTOBEPXHOCTh COEPUYECKIX
YACTUH. YACTD 2. OBCYXIEHUE PE3VJIbTATOB, ITOJYYEHHbLIX
TEOPETUYECKUMHU METOJAMU

Annotaums — OOCYXKAZIOTCA Pe3yNbTaThl YHCAEHHOTO pelleHHs NPUBEAEHHOTO B MEPBOH YacTH
paboTrel auddepeHUHanbHOrO ypaBHeHHs. PaccMaTpHBaeTcsl NEPEHOC MACChl 4€pe3 MOBEPXHOCTh
YacTHUBLl TIPU OTCYTCTBHH IBHXEHHS B KakoOi-nubo W3 ¢a3. AHajM3 MPOBOOUTCA ANA CpedHei
KOHLEHTPAlMK BElLECTBA B chepHUECKON YAaCTULIE W CpenHero 3HadeHus yucna llepsyna nns obeux
¢a3. IlpencraBneHsl MOMPUYECKHE YpaBHEHMS NIl pacueTa CpelHell KOHUEHTpAlLMH BeuiecTsa
B 4acTHLE AJIA NpeleNbHOTO Cliy4as, KOrJa COTPOTHBIIEHHE MEPEHOCY MACChl OKa3bIBAET TONBKO
onHa u3 ¢as. B nocnenHem pasnene pacCMaTpUBACTCH BIAMSHHE KOHBEKUMM Ha TIEPEHOC MACChI.
B cnyyae, xoraa CONMpOTHBIIEHHE MEPEHOCY MAcChl COCPEROTOYEHO TONBLKO B YACTHLE, CYLIECTBYET
BEpXHHIii npenen cpeaxero yucna lllepsyna BcrenacTeue TOTo, YTO JIMHUK TOKA BHYTPH cepbl CTaHO-
BATCS JINHHSIMH MOCTOSIHHOW KOHUEeHTpaunn. Tekyiuee 3HadeHue uyncna lilepsyna n3mMeHseTCA cKauko-
00pa3HO CO BpeMeHeM, YTO MOXHO OOBACHHTD NBHKEHMEM XHIKHX 37ieMeHTOB B cdepe. B cnyuae,
KOTa COMPOTHBIICHHE NEPEHOCY MACCHI COCPEAOTOUYEHO TOJIKO B OKPYKAIOLLEH YaCTULly KHUIAKOCTH,
cpenHee 3HaveHHe yncia lllepByna 3aBucuT OT kputepus Pypbe, [€HPH M KOHBEKTHBHOIO 4MCAA.



